Introduction {#Sec1}
============

The recent discovery of gravitational waves \[[@CR1]--[@CR5]\] has triggered new interesting ideas in black holes (BHs) physics. These waves have the potential to probe fundamental physics beyond General Relativity \[[@CR6]--[@CR10]\], such as the speed and the dispersion relation of these waves \[[@CR11]\], gravitational parity invariance \[[@CR12]--[@CR14]\], and Lorentz invariance in gravity \[[@CR15]\]. Within such exciting possibilities, one is but forced to wonder whether hints of quantum gravity could also be observed or their existence constrained with gravitational wave observations.

One such hint is the possibility that massive compact objects may seem like black holes but may not actually be black holes because they may lack an event horizon. Such black hole mimickers are called Exotic Compact Objects (ECOs) \[[@CR16], [@CR17]\], and their lack of an event horizon implies the existence of a physical surface, though the latter may be diffuse as in boson stars \[[@CR18]\]. ECOs are inspired by quantum gravity ideas and they may be classified into classical and quantum ECOs. Classical ECOs are defined explicitly in terms of a spacetime metric and an equation of state, as in the case of gravastars \[[@CR19]\], while quantum ECOs are still heuristic, as in the case of fuzzballs \[[@CR20]\]. The features of quantum ECOs depend on the specific quantum gravity framework used to describe them, and thus, the issues encountered in quantizing gravity percolate into ambiguities in the quantum ECO's metric representation and its equation of state. Therefore, we here study classical ECOs only, and focus on those ones that can be accounted for within the standard theory of gravity (and refer to them as simply ECOs for conciseness). ECOs are also the most studied ones in the gravitational wave literature, and therefore we will not give their quantum counterparts any further consideration.

Although precisely understanding how ECOs form and how generic their formation is remains unclear, they have been a playground for theorists to explore how gravitational waves could be used to distinguish between the coalescence of black holes and that of other exotica and to detect signatures of quantum gravity at horizon scales. One such signatures concerns tidal Love numbers, which characterize the degree of deformation of an object in the presence of an external tidal field \[[@CR21], [@CR22]\]. When compact objects are in a coalescing binary system, their mutual tidal deformations are encoded in the gravitational waves emitted. Therefore, since black holes have zero tidal Love numbers \[[@CR23], [@CR24]\], any non-zero measurement could serve as smoking gun evidence for an ECO, provided it can be distinguished from a neutron star \[[@CR25]\], even if this measurement cannot be used to then infer the location of the surface to Planckian precision \[[@CR26]\].

Another signature concerns echoes \[[@CR27]--[@CR29]\]. Let us assume that two ECOs in a binary system coalesce and form another, deformed, ECO that settles down to equilibrium through the emission of gravitational waves. The replacement of the event horizon with a surface changes the exterior spacetime geometry, allowing some of the gravitational waves emitted after merger to bounce back from a hump in the effective potential, and the rest to tunnel through and escape to spatial infinity. Some of the now-incoming gravitational waves can be absorbed by the ECO, while the remaining amount will bounce off its surface and head back out to spatial infinity. The process can then be repeated, resulting in a series of echoes of the ringdown gravitational waves \[[@CR27]--[@CR29]\].

The stability of an ECO {#Sec2}
=======================

How realistic are ECOs and how seriously should one take such alternatives? This is a difficult question to answer, because there are no field equations whose solution leads to these objects. One can of course concoct a carefully designed spacetime, and then insert it into the Einstein equations to compute the stress-energy tensor that leads to such a metric. But at least in General Relativity, such stress-energy tensor will violate the energy conditions. Without field equations one can also not answer whether the generic collapse of matter leads to the formation of such objects. But at the very least, one must demand an unconditional requirement: stability.

Ultracompact objects that lack an event horizon typically suffer from instabilities.[1](#Fn1){ref-type="fn"} One of them is associated with the existence of a stable light ring \[[@CR32]\], which implies that electromagnetic and gravitational perturbations decay at most logarithmically, forcing them to "pile up" near the light ring and increasing the energy densities until a trapped surface forms[2](#Fn2){ref-type="fn"} \[[@CR33], [@CR34]\]. The other instability is associated with the existence of an ergosphere \[[@CR35]\], because negative energy states that exist inside it can be trapped in the effective potential and cascade to even more negative states. Both instabilities can be circumvented if one allows the ECO surface to be partially absorbing, so that the timescale for the onset of the instability becomes very long \[[@CR36]\].

We here focus on the stability of ECOs against gravitational collapse due to interactions with their medium, and show that they generically encounter insurmountable obstacles that prevent them from having a surface too close to their would-be horizons. This, in turn, places a theoretical maximum on their gravitational compactness that limits how similar to black holes they can be. If this limit is broken, we show that ECOs collapse to BHs during, or even before, they enter the inspiral phase of coalescence. These obstacles render ECOs, and their subsequent echoes, theoretically unfavored.

The obstacles described above rely on Thorne's Hoop conjecture \[[@CR37], [@CR38]\], which states that a compact object collapses to form a black hole when it fits inside a certain critical 2-sphere, a surface of revolution constructed from rotating a circular hoop of a certain critical circumference $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{{ \text{ H }}}$$\end{document}$ is the radius of the would-be horizon. The conjecture has been verified in various scenarios, including non-spherical system \[[@CR39], [@CR40]\], colliding black holes \[[@CR41]\], non-time-symmetric initial data \[[@CR42]\], colliding pp-waves \[[@CR43]\], charged curved spacetimes \[[@CR44]\], and even in loop quantum gravity \[[@CR45]\]. The conjecture has also been more rigorously reformulated through new definitions of the circumference \[[@CR46]\], trapped circles \[[@CR47]\], Birkhoff's invariant \[[@CR48]\], and the Brown-York mass \[[@CR49]\].

Let us then assume that ECOs are immersed in a medium that forces them to gain mass, while maintaining their radius approximately constant, as is the case for neutron stars.[3](#Fn3){ref-type="fn"} If the accretion rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta R$$\end{document}$ is the distance of the ECO surface from the horizon radius, which can be cast as an invariant measure of length following \[[@CR26]\], and the right-hand side of the inequality comes about due to the Hoop conjecture and must be evaluated at the new ECO mass of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = M_{0} + \delta M$$\end{document}$. Assuming $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\mathbf {S}$$\end{document}$ its spin angular momentum, to remain roughly constant during this process.[5](#Fn5){ref-type="fn"} The above places a limit on the maximum compactness that ECOs can have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C&:= \frac{M_{0}}{R} \approx C_{{ \text{ BH }}} \left( 1 - \frac{\delta R}{R_{{ \text{ H }}}(M_{0})}\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{{ \text{ BH }}} := M_{0}/R_{{ \text{ H }}}(M_{0})$$\end{document}$. In what follows, we consider different mechanisms that can increase the mass of an ECO, and then we derive the minimum distance that the ECO surface can be from its would-be horizon.

Accretion of matter by an ECO in a non-empty Universe {#Sec3}
=====================================================

ECOs, if they exist, are not alone. Like everything else in the Universe, ECOs should be surrounded by dark energy, dark matter, an intergalactic medium and an interstellar medium. Let us then calculate how much mass-energy ECOs accrete from these media.

Given that ECOs would be completely immersed in these media, we can model their accretion through the Bondi--Hoyle framework. We assume then that the accretion rate is given by (see e.g. \[[@CR53]--[@CR56]\])$$\documentclass[12pt]{minimal}
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                \begin{document}$$M_{0}$$\end{document}$ is the mass of the ECO prior to accretion, $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{s}$$\end{document}$ is the speed of sound in the fluid. This expression interpolates between the regimes in which the infalling matter is subsonic and supersonic (outside and inside the Bondi radius), reducing to the Hoyle-Lyttleton accretion rate when $\documentclass[12pt]{minimal}
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Let us now apply this accretion rate to matter in the interstellar, intergalactic and intracluster medium. The interstellar medium consists of gas in various forms that fills the space between stars in a galaxy. The density is $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{6}$$\end{document}$ K, with *c* the speed of light \[[@CR57]\]. Using this and the Bondi--Hoyle rate for a supermassive ECO with mass $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{M}}_{{ \text{ Bondi }}}^{{ \text{ ISM }}}= \left( 10^{-9},10^{-11}\right) {M_\odot }/\mathrm{yr}. \end{aligned}$$\end{document}$$Matter in the intergalactic medium is a form of plasma that inhabits the space between galaxies, accounting for about 40--50% of all baryons in the present Universe. Typical values for the sound speed in this medium are $\documentclass[12pt]{minimal}
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                \begin{document}$$(10^{-1},10^{-5}) c$$\end{document}$ \[[@CR58]\], and a conservative estimate of the energy density is $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-27}\, \mathrm{kg}/\mathrm{{m^{3}}}$$\end{document}$ \[[@CR59]\]. Using this and the Bondi-Hoyle rate for a supermassive ECO, we find$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{M}}_{{ \text{ Bondi }}}^{{ \text{ IGM }}}= \left( 10^{-7},10^{-19}\right) {M_\odot }/\mathrm{yr}. \end{aligned}$$\end{document}$$This estimate is consistent with the results derived by the authors of \[[@CR60]\], who studied the formation of supermassive black holes using the Bondi-Hoyle rate. Finally, matter in the intracluster medium consists of superheated plasma that fills galaxy clusters, and it is composed mostly of ionized hydrogen and helium. Although this plasma accounts for most of the baryonic mass in galaxy clusters, its density is extremely low, dipping down to $\documentclass[12pt]{minimal}
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                \begin{document}$$(10^{-27},10^{-31})\;\mathrm{kg}/\mathrm{{m^{3}}}$$\end{document}$ \[[@CR61], [@CR62]\], which is either comparable or smaller than the dark energy density. The accretion of intracluster material by an ECO is thus negligible.

Let us now consider the ECO accretion of dark matter. The density of dark matter depends strongly on the type of galaxy or cluster the ECO lives in. Supermassive ECOs, like supermassive black holes, are expected to live in galaxy cores, since they would sink to the center through dynamical friction. The local mass density of dark matter in our galaxy is about $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{M}}_{{ \text{ Bondi }}}^{{ \text{ DM }}}= \left( 10^{-3},10^{-7}\right) {M_\odot }/\mathrm{yr}. \end{aligned}$$\end{document}$$Reference \[[@CR53]\] has shown that the Bondi estimate in Eq. ([7](#Equ7){ref-type=""}) are very accurate for dark matter accretion.

One may also wish to consider the accretion of cosmic microwave background (CMB) radiation and dark energy into ECOs. Following the cluster plus black hole model of \[[@CR53]\], one finds that the accretion rate of CMB radiation into an $\documentclass[12pt]{minimal}
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                \begin{document}$$p=\omega \rho $$\end{document}$ the dark energy equation of state. Even if one scales these numbers up to a supermassive ECO, these rates are still negligible relative to dark matter accretion, and to accretion of matter in the intergalactic and interstellar medium.

Absorption of gravitational waves by an ECO in a binary {#Sec4}
=======================================================

Even if ECOs were completely alone in the Universe, their mass would still increase due to the absorption of the gravitational waves they emit when in orbit around each other. Perturbation theory allows us to estimate the amount of mass-energy absorbed by a black hole (its *tidal heating*) during the early inspiral of a coalescence event, and the same tools are applicable to ECOs with absorption efficiency *k*. Consider then an ECO in the early quasi-circular inspiral, where velocities are small and fields are sufficiently weak that the post-Newtonian approximation holds \[[@CR65]\]. The rate at which the ECO will gain mass-energy due to tidal heating is \[[@CR24], [@CR66]--[@CR69]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = \pm 1$$\end{document}$ if the spin angular momentum is aligned or anti-aligned with the orbital angular momentum.[6](#Fn6){ref-type="fn"}

Unlike the case in which accretion rate is constant, here the tidal heating rate increases as the orbital velocity increases and the inspiral proceeds. Therefore, the mass gained in the inspiral cannot be estimated as explained above Eq. ([1](#Equ1){ref-type=""}), but rather one must integrate the tidal heating rate over the relevant time scale, which in this case is the inspiral timescale. Using the Virial theorem and Kepler's third law, $\documentclass[12pt]{minimal}
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We can now evaluate the above expression for a typical system. Considering then an equal-mass ECO binary with individual masses $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta M_{{ \text{ tidal }}}^{{ \text{ GW }}}&\approx 3 M_{\odot }, \end{aligned}$$\end{document}$$during the part of the inspiral that is in the LISA band. The choice of 6% efficiency comes from the minimum absorption required to avoid the ergoregion instability at a spin of $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi = 0.9$$\end{document}$; the efficiency can in fact go up to 60% to turn off this instability for all spins \[[@CR36]\]. Clearly, whether this is a mass gain or a mass loss depends on whether the spins are anti-aligned or aligned with the orbital angular momentum, and on whether the orbital frequency satisfies the BH superradiance condition or not. If tidal heating leads to a mass loss, then the Hoop conjecture does not apply.

The arguments presented above can be generalized to non-spinning ECOs, which were considered in \[[@CR29]\]. In this case, the tidal heating mass rate is always positive$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\dot{M}}_{{ \text{ tidal }},{ \text{ no-spin }}}^{{ \text{ GW }}}=\frac{16}{5}\eta ^{2}\left( \frac{M_{0}}{m} \right) v^{18}, \end{aligned}$$\end{document}$$but it is smaller than in the spinning case, as it enters at higher post-Newtonian order. The mass gained during the inspiral is now$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta M_{{ \text{ tidal }},{ \text{ no-spin }}}^{{ \text{ GW }}}&= \frac{1}{155520} k \; \eta M_{0} \approx 10^{-1} M_{\odot }, \end{aligned}$$\end{document}$$where the second equality corresponds to the same system considered above.

It is worth to emphasize that our estimates only provide upper limits to the accretion by infalling gravitational radiation, having in our analysis kept fixed the dimensionless angular momentum and thus not having considered its variation due to mass accretion.

The minimum radius of an ECO to prevent black hole collapse {#Sec5}
===========================================================

We can now use the above calculations to estimate the minimum radius that an ECO must have in order to avoid collapse into a black hole due to the Hoop conjecture. For the cases that involve accretion of matter (either interstellar, intergalactic or dark), we assume the Bondi-Hoyle rate is constant to find $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta M = {\dot{M}} T$$\end{document}$, where *T* is the amount of time between the formation of the ECO and the time it forms a binary that enters the sensitivity band of the gravitational wave detector. The timescale *T* is somewhat uncertain, as different astrophysical process can lead to the growth of an ECO to supermassive scales, and then to the collision of two such ECOs at the center of galaxies. A reasonable time scale is roughly 1 billion years \[[@CR30], [@CR31]\] (including the time for two galaxies to merge, for the supermassive objects to find each other, and for them to inspiral into the LISA band) to at most 10 billion years (the time at which quantum gravitational effects would have imprinted in the ECO production, accounting for structure formation after matter recombination). With this in mind, the amount of mass gained by accretion for the relevant processes considered here are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta M_{{ \text{ Bondi }}}^{{ \text{ ISM }}} = \left( 10^{0},10^{-1}\right) M_\odot ,&\quad \delta M_{{ \text{ Bondi }}}^{{ \text{ IGM }}} = \left( 10^{-3},10^{-4} \right) M_\odot , \nonumber \\ \delta M_{{ \text{ Bondi }}}^{{ \text{ DM }}}&= \left( 10^{3},10^{2}\right) M_\odot , \end{aligned}$$\end{document}$$where to be conservative we used the non-enhanced dark matter accretion rate, since this applies only to the cusp, and ECOs will not necessarily be there for a billion years.

Any (and all) of these processes force the ECO to have a minimum radius that is many orders of magnitude larger than a Planck length from its would-be horizon. Using Eq. ([2](#Equ2){ref-type=""}), we find$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta R_{{ \text{ Bondi }}}^{{ \text{ ISM }}} \gtrsim \left( 1, 0.1\right) \; \mathrm{{km}} \,,&\quad \delta R_{{ \text{ Bondi }}}^{{ \text{ IGM }}} \gtrsim \left( 10^{-3},10^{-4}\right) \; \mathrm{{km}} \,, \nonumber \\ \delta R_{{ \text{ Bondi }}}^{{ \text{ DM }}}&\gtrsim \left( 10^{3},10^{2}\right) \; \mathrm{{km}}. \end{aligned}$$\end{document}$$Recalling that the Planck length is $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-38} \; \mathrm{{km}}$$\end{document}$, we see that just simple accretion processes prevent surfaces that are that close to the would-be horizon, thus making the possibility of ECOs impossible. Similarly, ignoring matter and using only tidal heating, we find$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta R_{{ \text{ tidal }}}^{{ \text{ GW }},{ \text{ spin-aligned }}}&\gtrsim 1 \; \mathrm{{km}}, \quad \delta R_{{ \text{ tidal }}}^{{ \text{ GW }},{ \text{ no-spin }}} \gtrsim 0.1 \; \mathrm{{km}}, \end{aligned}$$\end{document}$$over 37 orders of magnitude larger than the Planck length. Once more, tidal heating and the Hoop conjecture prevent the surface of the ECO from being a Planck length away from its would-be horizon, unless the spins are aligned with the orbital angular momentum.

From the above minimum radii one can calculate the maximum compactness of an ECO relative to that of a black hole. Using Eq. ([3](#Equ3){ref-type=""}), we find$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{C}{C_{{ \text{ BH }}}} - 1 < \frac{\delta R}{R_{{ \text{ BH }}}} \lesssim \frac{M_{\odot }}{M}. \end{aligned}$$\end{document}$$Admittedly, the right-hand side of the last inequality is a very small number for a supermassive ECO, which means that ECOs do not have to have a surface that is a Planckian distance away from the horizon to possess compactnesses that are close to that of a black hole.

Discussion {#Sec6}
==========

We have shown that ECOs cannot have a surface anywhere near a Planckian distance away from their would-be horizons, if they are to avoid collapse into black holes due to accretion by the interstellar medium, intergalactic medium, dark matter accretion, or gravitational wave absorption when in a binary. This result has strong implications for the search of ECOs with tidal Love numbers \[[@CR21], [@CR22]\] or with gravitational wave echoes after the merger of two such ECOs \[[@CR70]--[@CR73]\]. If ECOs collapse into black holes due to accretion well before they can merge, there can be no gravitational wave signatures to begin with. This result is similar in spirit to what was previously studied in \[[@CR74]\], where the issue of maintaining horizonless configurations in presence of accretion of matter and/or energy was addressed, and then to what was recently presented in \[[@CR75]\], where the authors considered the absorption of gravitational waves during gravitational wave echoing. Our results are in some sense stronger: with respect to the ones derived by the latter study they apply before ECOs merge; they encode larger accretion rates than the ones obtained in the former investigation, as results of investigating several different environmental sources.

Can one circumvent these no-go results? The easiest way to do so would be to argue that the Hoop conjecture does not apply to ECOs, the classical ones we studied within the context of standard General Relativity, for some reason. This is somewhat hard to believe, since this conjecture does not rely on the particular form of the field equations. Nonetheless, one could argue that violations (though never observed) could be possible if one allows for forms of matter that do great violence to the energy conditions. If so, one would then have to explain where this strange matter came from in the first place, and how it interacts with all other astrophysical observations. Another way to bypass the no-go results is to argue that the ECO surface is not fixed, but rather it increases as its mass increases. This indeed occurs for black holes because their area is proportional to their mass squared. However, the surface of ECOs have so far been theorized to be rigid for most of the individual examples that exist in the literature. For instance, gravastars (ECOs with a de Sitter interior and a Schwarzschild exterior) possess a thin but rigid shell with an extremely stiff equation of state \[[@CR19]\]. Dynamics can be also added to this thin-shell, following \[[@CR52]\] and holding stability within a range of radii very close to the would-be Schwarzschild one, but at the price of neglecting the infalling of matter, and then avoiding to predict the behaviour of the radii with respect to the matter increase. Our results have the advantage to consider in depth matter accretion for classical ECOs, but of course do not apply to quantum ECOs that are the actual end-state of gravitational collapse in some yet-to-be-determined quantum gravity theory.

The purpose of our analysis is not to discourage the open-minded scientific inquiry of theoretical possibilities that are not observationally excluded, but rather to point out that some of these possibilities are theoretically excluded on the basis of stability. Ultimately, rather than investigating observations that may reveal the presence of an ECO, it may be more worthwhile to cement the foundations of classical ECO theory from an action-principle stand point, thus allowing for the investigation of whether these ECOs can form dynamically in nature from gravitational collapse or not. Lacking this, ECOs remain a theoretical possibility that is currently more rooted in our imagination than in reality.

An important caveat concerns spinning neutron stars, which cannot be ruled out despite their *r*-mode instability.

It is worth to notice that the logarithmic fall-off argument provides here a strong motivation for nonlinear instability rather than its proof.

There exist several studies accounting for the dynamical evolution of classical ECOs. For instance, gravitational cooling of boson stars was taken into account in Refs. \[[@CR50], [@CR51]\], at matter densities above the critical values at which these would undergo gravitational collapse. These studies accounted for dark matter models with typical wavelengths that cannot produce gravitational radiation within the current (and forthcoming) range of observability. On the other hand, three-layers gravastar models were also studied, as the one firstly proposed by Visser and Witshire in \[[@CR52]\]. This accounts for a dynamics of the thin-shell that ensures stability within a range of values of the thin-shell radii very close to the Schwarzschild one. Nonetheless, the issue of infalling matter was not considered within these former studies, and never addressed before for ECOs in general.

It is important to emphasize the fundamental working assumption we are moving from. While applying the previous relations, the ECO's radius is taken to be constant in time, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$${\dot{R}} \simeq 0$$\end{document}$, during the mass accretion process.

This follows from a standard argument of conservation of the angular momentum when the system considered is the initial ECO at mass $\documentclass[12pt]{minimal}
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                \begin{document}$$M_0$$\end{document}$ and the infalling matter and/or radiation.

Notice that the effect of the tidal heating on the dynamics of a binary system has been also considered in Ref. \[[@CR10]\], although within a different scenario.

We would like to thank Niayesh Afshordi, Ramy Brustein, Luis Lehner and Frans Pretorius for useful discussions on these subjects. AA and AM wish to acknowledge support by the NSFC, through the Grant no. 11875113, the Shanghai Municipality, through the Grant no. KBH1512299, and by Fudan University, through the Grant no. JJH1512105. NY acknowledges support from NSF Grant PHY-1759615 and PHY1748958, NASA Grants NNX16AB98G and 80NSSC17M0041, and the hospitality of KITP where some of this work was completed.

This manuscript has associated data in a data repository. \[Authors' comment: All data included in this manuscript are available upon request by contacting with the corresponding author.\]
